ROBUST PARAMETER INFERENCE IN ODES VIA
PHYSICS-ENHANCED GAUSSIAN PROCESS REGRESSION
PROBNUM 24

Nathanael Bosch

16. July 2024

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

(@nathanaelbosch

Imprs-is

rc some of the presented work is supported
'~ by the European Research Council.




The ODE parameter inference problem

> Initial value problem:
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The ODE parameter inference problem UNIYEESIIAT

Initial value problem:

Observations: JJUUUL
Uy = Hy(f,') + €, Ej ~~ N(Oa R@)

<
—~~
—
N—r
I
S
—~
<
~—~~
—
:—/
—_
:—/
—_
m
=
|
<
—~
o
N—r
Il
<
“O
)
voltage [mV

time [ms]

(@nathanaelbosch



The ODE parameter inference problem

> Initial value problem:
y(t) =foly(0), 1), te[0, 7], ¥(0) =yoe
> Observations:
ui = Hy(t) + «j, gi ~ N (0,Ry)

> Goal:
p(0 | D) oc p(D | 0)p(0)
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The ODE parameter inference problem BOLEIS S

> Initial value problem:

voltage [mV

y(t) = f9(y(t)7t)) te [07 T]v y(O) = Yo,

> Observations: JJUUUL
Uy = Hy(f,') + €, Ej ~~ N(Oa R@)

> Goal:

p(0 | D) o< p(D | 0)p(0)

> Maximum likelihood, maximum-a-posteriori and MCMC
require the marginal likelihood:

M(®) = p(D | 0) e
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Investigating the marginal likelihood

M(0) =p(D|6) = /@(D | )/(ﬁ:N)Z@(Y(ﬁ:N) | Qldy(tw)

~"
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Investigating the marginal likelihood BOLEIS S

M(0) =p(D|6) = /@(D | y(tin)) p(y(tin) | Qldy(tw)

o \a

Vv Vv
Gaussian likelihood
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Investigating the marginal likelihood RN

M(0) =p(D|6) = /@(D | )/(ﬁ:N)Z@(Y(ﬁ:N) | Qldy(tw)

Gaussian likelihood M
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Investigating the marginal likelihood i

M(0) =p(D|6) = /@(D | )/(ﬁ:N)Z@(Y(ﬁ:N) | Qldy(tw)

Gaussian likelihood M

"y(t) given " is fully specified via the ODE
= p(/(tin) [ 0) = d(v(tin) — y*(tin))
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Investigating the marginal likelihood BOLEIS S

M(0) =p(D|6) = /Q(D | y(tin)) p(y(tin) | Qldy(tw)

o \a

Gaussian likelihood M

> "y(t) given 0" is fully specified via the ODE
= p(y(tun) | 0) = 6(y(tuw) — y*(tin))
» But the true ODE solution y*(t.y) is intractable!

(@nathanaelbosch 3



Investigating the marginal likelihood BOLEIS S

M(0) =p(D|6) = /Q(D | y(tin)) p(y(tin) | Qldy(tw)

o \a

Gaussian likelihood M

> "y(t) given 0" is fully specified via the ODE

= p(y(tun) | 0) = 6(y(tuw) — y*(tin))
» But the true ODE solution y*(t.y) is intractable!
> Let's approximate:

S(y(tiw) — yo(tin)) =
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Investigating the marginal likelihood BOLEIS S

M(0) =p(D|6) = /Q(D | y(tin)) p(y(tin) | Qldy(tw)

o \a

Gaussian likelihood M

> "y(t) given 0" is fully specified via the ODE

= p(y(tun) | 0) = 6(y(tuw) — y*(tin))
» But the true ODE solution y*(t.y) is intractable!
> Let's approximate:

S(y(tin) — va(tin)) = d(y(tiw) — Jo(tiv))  (the classic numerical approach)
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Investigating the marginal likelihood BOLEIS S

M(0) =p(D|6) = /Q(D | y(tin)) p(y(tin) | Qldy(tw)

o \a

Gaussian likelihood M

> "y(t) given 0" is fully specified via the ODE

= p(y(tun) | 0) = 6(y(tuw) — y*(tin))
» But the true ODE solution y*(t.y) is intractable!
> Let's approximate:

S(y(tn) — ya(tin)) = pen(y(tin) | 6) (the probabilistic numerical approach)
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Probabilistic numerical ODE solvers
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Filtering-based probabilistic numerical ODE solvers RN

p(1(1) | (0) = yo, {i(t) = F (1), 1)1 )

with vector field f : RY x R — RY, initial value yp, and time discretization {t,}\_;.
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Filtering-based probabilistic numerical ODE solvers UNYRE

p(1(1) | ¥(0) = yo, {i(t) = F (1), 1)1 )

with vector field f : R? x R — RY, initial value yo, and time discretization {t,}_,.
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Filtering-based probabilistic numerical ODE solvers RN

p(1(1) | (0) = yo, {i(t) = F (1), 1)1 )

with vector field f : RY x R — RY, initial value yp, and time discretization {t,}\_;.

Prior:
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Filtering-based probabilistic numerical ODE solvers RN

p(1(1) | (0) = yo, {i(t) = F (1), 1)1 )

with vector field f : RY x R — RY, initial value yp, and time discretization {t,}\_;.

Prior: y(t) ~ GP a Gauss—Markov process
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Filtering-based probabilistic numerical ODE solvers

p(1(1) | (0) = yo, {i(t) = F (1), 1)1 )

with vector field f : R? x R — RY, initial value yp, and time discretization {t, }_,
Prior: y(t) ~ GP a Gauss—Markov process

x(t+h) [ x(1) ~ N(Ax(D), Q(h)),
y(t) = Eox(t),  y(t) = Ewx(t)

(@nathanaelbosch

UNI\ ERS[TAT
TUBINGEN

@if



Filtering-based probabilistic numerical ODE solvers

p(1(1) | (0) = yo, {i(t) = F (1), 1)1 )

with vector field f : RY x R — RY, initial value yp, and time discretization {t,}\_;.

Prior: y(t) ~ GP a Gauss—Markov process

x(t+h) [ x(1) ~ N(Ax(D), Q(h)),
y(t) = Eox(t),  y(t) = Ewx(t)

Likelihood: (aka “observation model” or “information operator”)
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Filtering-based probabilistic numerical ODE solvers

p(1(1) | (0) = yo, {i(t) = F (1), 1)1 )

with vector field f : RY x R — RY, initial value yp, and time discretization {t,}\_;.

Prior: y(t) ~ GP a Gauss—Markov process
X(t+h) | () ~ N(ADX(), Q(h)),
y(t) = Eox(t),  y(t) = Exx(1)
Likelihood: (aka “observation model” or “information operator”)

Ex(0) —yo=0, &  Ex(ts) — f(Eox(tn), ta) = 0.
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Filtering-based probabilistic numerical ODE solvers BOLEIS S

p(1(1) | (0) = yo, {i(t) = F (1), 1)1 )

with vector field f : R? x R — RY, initial value yp, and time discretization {t, }_,

» Prior: y(t) ~ GP a Gauss—Markov process
x(t+h) [ x(t) ~ N(A(h)x(1), Q(h)),
y(t) = Eox(t), () = Eax(t)
> Likelihood: (aka “observation model” or “information operator”)
Eox(0) —yo =0, & Eix(tn) — f(Eox(tn), th) = 0.

» Inference: Bayesian filtering and smoothing
Extended Kalman filter, unscented Kalman filter, particle filters, ... (+ smoothers)

(@nathanaelbosch 5




Probabilistic ODE solvers: the state-estimation problem

This is the actual state estimation problem that we solve

Hidden: Xo X X2 X3 XN
v v v v v
Initial distribution: x(0) ~ N (x(0); g, =)
Prior / dynamics model: ~ x(t + h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: 2(t) | x(t) ~ 6 (z(t); Exx(t;) — f(Eox(1), 1)) Z20
Initial value likelihood: 2" | %(0) ~ 8 (2" E0x(0) = 1o ), 2" A
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Probabilistic ODE solvers in pseudo code

We can solve ODEs with basically just an extended Kalman filter

Algorithm The extended Kalman ODE filter
1 procedure EXTENDED KALMAN ODE FILTER((1y , &), (A, Q), (f,¥0), {ti}\,)

2 ‘ po, Xo  KF_UPDATE(p, , X, Eo, Ogxd, Y0) // Initial update to fit the initial value
s | forke{1,...,N}do

4 hy <t — te_q /| Step size
5 ty s Xy < KF_PREDICT (pa—1, k1, A(Nx), Q(hy)) /| Kalman filter prediction
6 mk(x) = Ex — f(EOX, Tk) / Define the non-linear observation model
7 pk, Tk <= EKF_UPDATE(p, , X, My, Oges Gd) /| Extended Kalman filter update
s | end for

o | return (py, )}

o end procedure

https://github.com/nathanaelbosch/probnumspringschool2024-tutorial
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Computing the PN-approximated marginal likelihood
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How to compute the PN-approximated margial likelihood

It's just another filtering problem

M) =p(0 10) = [ p(D | ¥(tun)) pU(ti) | Do, 6) )

e

Vv VT
Gaussian likelihood PN posterior
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How to compute the PN-approximated margial likelihood

It's just another filtering problem

e

M) =p(0 10) = [ p(D | ¥(tun)) pU(ti) | Do, 6) )

Vv VT
Gaussian likelihood PN posterior

Filtering posteriors have a recursive, linear Gaussian, backward-in-time representation:

N—-1
pX(ti) | Dn,0) = N (xCtns e =) TTAOcCt0); Gox(tnan) + o A

t=1
marginalizing this posterior is exactly what a smoother does.
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How to compute the PN-approximated margial likelihood

It's just another filtering problem

M) =p(0 10) = [ p(D | ¥(tun)) pU(ti) | Do, 6) )

e

Vv VT
Gaussian likelihood PN posterior

Filtering posteriors have a recursive, linear Gaussian, backward-in-time representation:
N—1
p(x(tin) | Den, 0) = N<X(1‘N); ,UE? ZE) HN(X(tn)? GnX(th41) + dns An);
t=1
marginalizing this posterior is exactly what a smoother does.

State-space model:

Initial distribution: X(ty) ~ N(x(t,\,); 1y, Zﬁ)
Dynamics model: X(th—1) | X(tn) ~ N (x(tn); Gax(tas1) + dn, An)
Data likelihood: Un | X(tn) ~ N (x(t); HEoX(t), Re)
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How to compute the PN-approximated margial likelihood

Physics-Enhanced Regression for Initial Value Problems (FENRIR)

Resulting algorithm:
Run filter forwards to compute p(y(t1.n) | Dpn, 6)
Run filter backwards to compute the marginal likelihood M ()
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MLE parameter inference with FENRIR

[t works!

5 Initial trajectory o5 Optimized trajectory
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MLE parameter inference with FENRIR

The algorithm is quite robust to local optima
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Parameter inference in Hodgkin-Huxley ODEs



Parameter inference in Hodgkin-Huxley ODEs

25

>
£ -5
>
-50
-75

(@nathanaelbosch

True voltage trace

20 40 60 80 100
t [ms]



Parameter inference in Hodgkin-Huxley ODEs

25 L True voltage trace
@ Observations
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Parameter inference in Hodgkin-Huxley ODEs

25 | True voltage trace
@ Observations
Hard-to-escape local optimum
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MLE parameter inference with FENRIR on the Hodgkin-Huxley model "R’

It works, but clearly not as well as for the simple pendulum problem
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Idea: Diffusion Tempering

>
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Algorithm: Start with an initial parameter guess 6,. Then fori = 1,

K2 =1e+16 B
2
. 1
' S 0
' -1
' -2
1
N
S
K2 = 1e+00 -1

J

MLE optimization problems
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FENRIR + diffusion tempering on the Hodgkin-Huxley ODE

[t works!
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FENRIR + diffusion tempering on the Hodgkin-Huxley ODE

It works!

HH 1 FENRIR . . 0.68

HH 1 RK 43.30 43.45 . . 0.57 . . . .
HH 1 OURS . . 0.00 0.00 1.00 0.43 0.02 1.00 0.00
HH 1 OURS+ 0.00 0.00 1.00 1.00 0.00
HH 2 FENRIR . . 0.75

HH 2 RK 54.02 62.60 . . 0.72 . . . .
HH 2 OURS . . 0.00 0.00 1.00 0.42 0.04 2.00 0.00
HH 2 OURS+ . . 0.96

HH 3 FENRIR 122.15 49.74 0.51

HH 3 RK . . 0.03 . . . .
HH 3 OURS . . 0.01 0.10 0.99 0.60 1.51 2.97 0.30
HH 6 FENRIR 108.06 108.49 0.00

HH 6 RK . . 0.00 . . . .
HH 6 OURS 10.36 7.72 0.00 15.20 5.41 1.21 0.46
HH 4 FENRIR . . 0.68

HH 4 RK 136.50 200.20 . . 0.50 . . . .
HH 4 OURS . . 0.00 0.00 1.00 0.60 0.01 4.00 0.00
HH 6 FENRIR 221.28 144.56 0.50

HH 6 RK . . . 0.00 . . . .
HH 6 OURS 0.12 0.32 0.88 3.01 6.70 5.28 1.96
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An alternative way to compute the PN-approximated
marginal likelihood
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An alternative PN likelihood approximation method: DALTON

"Data-Adaptive Probabilistic Likelihood Approximation”

p(DdatmDPN ‘ 9)
p(Den | 0)

p(Ddata ’ gaDPN) -
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An alternative PN likelihood approximation method: DALTON

"Data-Adaptive Probabilistic Likelihood Approximation”

p(DdatmDPN ‘ 9)
p(Den | 0)

p(Ddata ’ gaDPN) -

To compute:
p(Dpy | 6): Standard EKF with PN likelihood

P(Dyata, Dpn | 0): EKF with two likelihood models for “PN observations” and the actual
data
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An alternative PN likelihood approximation method: DALTON

"Data-Adaptive Probabilistic Likelihood Approximation”

p(DdatmDPN ‘ 9)
p(Den | 0)

p(Ddata ’ gaDPN) -

To compute:
p(Dpy | 6): Standard EKF with PN likelihood

P(Dyata, Dpn | 0): EKF with two likelihood models for “PN observations” and the actual
data

= Run two filters!
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FENRIR vs DALTON: Lorenz63

Updating on data in the forward pass can severly improve the ODE solution

DALTON
b
o o o

Pros / cons:

Fenrir
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-10
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©
o o
o
=Z-10
\ / Vv
6 8 10 12 14 16 18 20
—— At=0.005 —— At=1e-05 e Obs
—— At=0.0001 — True
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FENRIR vs DALTON: Lorenz63 :, b

Updating on data in the forward pass can severly improve the ODE solution [Wu and Lysy, 2024]

Pros / cons:
> + Better performace

DALTON
b
o o o

_ 10 for chaotic systems
=
E 0
-10
& 10
©
o 0
o
Z-10 ‘
6 8 10 12 14 16 18 20
—— At=0.005 — At=1e-05 e Obs
—— At=0.0001 — True
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FENRIR vs DALTON: Lorenz63

Updating on data in the forward pass can severly improve the ODE solution [Wu and Lysy, 2024]

= 10
g o
P
2 :
3_10 Pros / cons:
> + Better performace
L 10 for chaotic systems
$ 12 > - Needs to solve the
ODE two times
T 10
©
o o
o
Z-10 J
6 8 10 12 14 16 18 20
—— At=0.005 — At=1e-05 e Obs
—— At=0.0001 — True
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FENRIR vs DALTON: Lorenz63 NI T

Updating on data in the forward pass can severly improve the ODE solution [Wu and Lysy, 2024]

= 10
5 o
P
2 :
3_10 Pros / cons:
> + Better performace
L 10 for chaotic systems
k2 12 > - Needs to solve the
ODE two times
& 10 » + Computationally
3 o cheaper as it does not
o . .
=-10 J require smoothing!
6 8 10 12 14 16 18 20
—— At=0.005 — At=1e-05 e Obs
—— At=0.0001 — True
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Summary
» Parameter inference in ODEs requires computing a marginal likelihood
» Use filtering-based probabilistic numerical ODE solvers to approximate it
» Being probabilistic can help escape local optima

Software B https://github.com/nathanaelbosch/ProbNumDiffEq. j1
Jadd ProbNumDiffEq

@ https://github.com/probabilistic-numerics/probnum
pip install probnum

o https://github.com/pnkraemer/probdiffeq
pip install probdiffeq

Other topic I'm excited about: Probabilistic numerics for parallel-in-time ODE solving!
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