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Background
» Ordinary differential equations and how to solve them

Central statement: ODE solving is state estimation
» ‘ODE filters": How to solve ODEs with extended Kalman filtering and smoothing

Fun with ODE filters
» Generalizing ODE filters to other related problems (higher-order ODEs, DAEs, ...)
» ODE filters for parameter inference
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Background inary D|fferent|a| Eq tions nd hovv to solve them %

Numerical ODE estimate an unk
y(t) =1y(), 1)
with t € [0, T], vector field f : RY x R — R and initial value y(0) = y,. Goal: “Find y".

» Simple example: Logistic ODE
yt) =yt (1-y@®), telo,10],  y(0)=0.1.

@ initial condition
true solution
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Numerical ODE estimate an un

y() =10, 1)

with t € [0, T], vector field f : RY x R —RY, and initial value y(0) = yo. Goal: “Find .

Numerical ODE solvers:

» Forward Euler:
y(t+h) = y(t) + hf(y(t), 1)
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Numerical ODE estimate an un

y() =10, 1)

with t € [0, T], vector field f : RY x R —RY, and initial value y(0) = yo. Goal: “Find .

Numerical ODE solvers:
» Forward Euler:
y(t+h) = y(t) + hf(y(1), 1)
» Backward Euler:
J(t+h) =yt)+hf(y(t+h),t+h)
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y() =10, 1)

with t € [0, T], vector field f : RY x R —RY, and initial value y(0) = yo. Goal: “Find .

Numerical ODE solvers:
» Forward Euler:
y(t+h) = y(t) + hf(y(1), 1)
» Backward Euler:
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y() =10, 1)

with t € [0, T], vector field f : RY x R —RY, and initial value y(0) = yo. Goal: “Find .

Numerical ODE solvers:
» Forward Euler:
y(t+h) = y(t) + hf(y(1), 1)
» Backward Euler:
J(t+h) =yt)+hf(y(t+h),t+h)
» Runge-Kutta:
J(t+h) =yt +h >, bif i t + cih)
> Multistep:
Jlt+h) = g(t) +h 72y bif((t — ih)., t — ih)
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Background inary Differential

Numerical ODE estimate an unk unction b
y(t) =1y(), 1)
with t € [0, T], vector field f : RY x R — R and initial value y(0) = y,. Goal: “Find y".

Numerical ODE solvers: Forward Euler for different step sizes:

P(t)
\\

P(t)

= Itis “correct’ onlyt in the limit h — 0!
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Background: Ordinary Differential Equations and how to solve them

Numerical ODE solvers try to estimate an unknown function by evaluating the vector field

y() =10, 1)

with t € [0, T], vector field f : RY x R — R and initial value y(0) = y,. Goal: “Find y".

Numerical ODE solvers: Forward Euler for different step sizes:

P(t)
\\

P(t)

= Itis “correct’ 0n|;5 in the limit h — 0!
Numerical ODE solvers estimate y(t) by evaluating f on a discrete set of points.

@nathanaelbosch
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Probabilistic numerical ODE solvers

or “How to treat ODEs as a Bayesian state estimation problem’

@nathanaelbosch



Probabilistic Numerical ODE Solv

How to treat ODEs as the state estimation problem that they really are

p (Y(0) 1(0) = yo, T(ta) = F(y{ta), )}y

with vector field f : RY x R — RY, initial value yo, and time discretization {t,}}_,.
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Probab///st/c Numerlcal ODE Solvers

p (y(t) Y(0) = Yo, lta) = F(r(ta), )1 )

with vector field f : RY x R — RY, initial value yo, and time discretization {t,}}_,

» Prior: y(t) ~ GP
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Probabilistic Numerical ODE Solve

eat ODEs as the state estimation problem that they

p (Y(0) 1(0) = yo, T(ta) = F(y{ta), )}y

with vector field f : RY x R — RY, initial value yo, and time discretization {t,}}_,.

» Prior: y(t) ~ GP a Gauss—Markov process with state-space representation x(t):
x(0) ~ N(/J(;y ),
dx(t) = Fx(t)dt + oT'dw(t),
YWt = Epx(t), m=1,...,v.
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Probab///st/c Numerlcal ODE Solve

p (y(t) Y(0) = Yo, lta) = F(r(ta), )1 )

with vector field f : RY x R — RY, initial value yo, and time discretization {t,}}_,

» Prior: y(t) ~ GP a Gauss—Markov process with state-space representation x(t):

X(0) ~ N (ug, 25), x(0) ~ N (g, 2q ),
dx(t) = Fx(t)dt + oTdw(t), = X(tie1) | X(4) ~ N (A(A)X(L), 0*Q(A))
YWt = Epx(t), m=1,...,v. Y™t = Epx(t), m=1,...,v

where A; :=t;, 1 — t;, and (A, Q) can be computed from (F, T).
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Probab///st/c Numerlcal ODE Solve

p (y(t) Y(0) = Yo, lta) = F(r(ta), )1 )
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Probab///st/c Numerlcal ODE Solve

p (y(t) Y(0) = Yo, lta) = F(r(ta), )1 )

with vector field f : RY x R — RY, initial value yo, and time discretization {t,}}_,

» Prior: y(t) ~ GP a Gauss—Markov process with state-space representation x(t):

X(0) ~ N (ug, 25), x(0) ~ N (g, 2q ),
dx(t) = Fx(t)dt + oTdw(t), = X(tie1) | X(4) ~ N (A(A)X(L), 0*Q(A))
YWt = Epx(t), m=1,...,v. Y™t = Epx(t), m=1,...,v

where A; :=t;, 1 — t;, and (A, Q) can be computed from (F, T).
» Likelihood: (aka “observation model” or “information operator”)

Zo = Epx(0) — yo =0, & Z(ty) = Exx(ty) — f(Eox(ts), th) = 0.

» Inference: Extended Kalman filter/smoother (or other Bayesian filtering and smoothing methods).

@nathanaelbosch 5



o . . . . ll\ll'll‘\lv'l;'f_"i\‘_lr\
Probabilistic Numerical ODE Solvers in pictures UTUKNGEN

6
@nathanaelbosch



EBERHARD KA
UNIVERSIT

Probabilistic Numerical ODE Solvers in pictures TUBINGEN

y._ f( Y, t)

@nathanaelbosch



EBERHARD

Probabilistic Numerical ODE Solvers in pictures Gl
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y._ f( Y, t)

y._ f( Y, t)

Posterior
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Probabilistic Numerical ODE Solvers in action U

Fixed steps — the vanilla way as introduced so far
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Probabilistic Numerical ODE Solvers in code

xtended Kalman filter

Algorithm The extended Kalman ODE filter
1 procedure EXTENDED KALMAN ODE FILTER((xg , 2 ), (A, Q), (f,x0), {ti},)

2 o, So — KF_UPDATE(1tg , Xg » Eo, Ogxd, Xo) // Initial update to fit the initial value
3 fork e {1,...,N} do

4 he =t — te_q // Stepsize
5 My s Z; a— KF_PREDICT (441, Zk,l,A(hk)7 Q(hk)) // Kalman filter prediction
6 mk(X) =E5X— f(EOX, Tk) // Define the non-linear observation model
7 ks 2o <+— EKF_U PDATE(,Uk_, > My, Ogxq, 0y) /| Extended Kalman filter update
s | end for

o | return (g, SN,

0 end procedure

ExTENDED KALMAN ODE SMOOTHER: Just run a RTS smoother after the filter!

(@nathanaelbosch 8
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The state of filtering-based probabilistic numerical ODE solvers TUBINGEN

» Properties and features:
» Polynomial convergence rates iersingetal, 2020, Tronarp etal, 2021]
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The state of filtering-based probabilistic numerical ODE solvers TUBINGEN

» Properties and features:

> A'Stablllty [Tronarp et al., 2019]
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The state of filtering-based probabilistic numerical ODE solvers TUBINGEN

» Properties and features:

» L-stable probabilistic exponential integrators (soschetal, 20230]
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The state of filtering-based probabilistic numerical ODE solvers TUBINGE

» Properties and features:

» Complexity: O(d“) for the A-stable semi-implicit method, O(d) for an explicit method with coarser
COVarianC@S [Kramer et al., 2022]
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The state of filtering-based probabilistic numerical ODE solvers TUBINGEN

» Properties and features:

» Step-size adaptation and calibration: gosonetal, 2021
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The state of filtering-based probabilistic numerical ODE solvers TUBINGEN

» Properties and features:

» Parallel-in-time formulation (soschetal, 20232
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The state of filtering-based probabilistic numerical ODE solvers TUBINGEN

» More related differential equation problems:
» Higher-order ODEs, DAEs, Hamiltonian systems (soschetal, 2022)
» Boundary value problems (BVPS) mer and Hennig, 2021
» Partial differential equations (PDES) via method of lines imeretal, 2022
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EBERHARD KARLS

The state of filtering-based probabilistic numerical ODE solvers UNIVARITS

» Inverse problems
» Parameter inference in ODEs with ODE filters ronerpetal, 20221
» Efficient latent force inference (scmis etal, 2021

@nathanaelbosch 9
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The state of filtering-based probabilistic numerical ODE solvers UNIASITT 3

Probabilistic Numerics: Computation as Machine Learning
Philipp Hennig, Michael A. Osborne, Hans P. Kersting, 2022

@nathanaelbosch 9



EBERHARD KARLS

UNIVERSIT/

The state of filtering-based probabilistic numerical ODE solvers TUBINGEN

» More related differential equation problems:
» Higher-order ODEs, DAEs, Hamiltonian systems (soschetal, 2022)
» Boundary value problems (BVPS) irmer and Hennig, 2021

» Inverse problems
» Parameter inference in ODEs with ODE filters ronerpetal, 20221
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Flexible Information Operators

or: “How to solve other problems than ODEs with essentially the same algorithm as before”
(it's all just likelihood models)



y(t) =f®),1), y(0) = yo.

This leads to the probabilistic state estimation problem:

Initial distribution: X(0) ~ N (x(0); 1, 2q)
Prior / dynamics model: ~ x(t+ h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: zZ(t) | x(t) ~ 6 (2(t); Exx(t) — f(Eox(t), 1)) , 7 &
Initial value likelihood: 2" x(0) ~ (z”“‘ Eox(0 ) AL
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y(O =10),y(®), 1), y(0) =yo, y(0) = Jo.

This leads to the probabilistic state estimation problem:

Initial distribution: X(0) ~ N (x(0); 1, 2q)
Prior / dynamics model: ~ x(t+ h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: zZ(t) | x(t) ~ 6 (2(t); Exx(t) — f(Eox(t), 1)) , 7 &
Initial value likelihood: 2" x(0) ~ (z”“‘ Eox(0 ) AL
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Extendmg ODE ﬂlters to other rel d differential equation p

[Bosch e

y() =y, y®, 0, y(0) =yo, ¥(0) = Jo.

This leads to the probabilistic state estimation problem:

Initial distribution: X(0) ~ N (x(0); 15, 2q)
Prior / dynamics model:  x(t+ h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: 2(6) | x(t) ~ 8 (2(t); Eax(t) — FEX(t), Eox(t), 1)), 22
Initial value likelihood: 2™ | x(0) ~ & (2" E X(O)) 2" Ly,
Initial derivative likelihood: 2| x(0)~ ( 2 Eix(0 ) 2 2y,
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y(t) = fly(),1), y(0)=yo. gWy(1),y(t)) =0.

This leads to the probabilistic state estimation problem:

Initial distribution: X(0) ~ N (x(0); 1, 2q)
Prior / dynamics model: ~ x(t+ h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: zZ(t) | x(t) ~ 6 (2(t); Exx(t) — f(Eox(t), 1)) , 7 &
Initial value likelihood: 2" x(0) ~ (z”“‘ Eox(0 ) AL
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Extendmg ODE ﬂlters to other rel d differential equation p

[Bosch e

This leads to the probabilistic state estimation problem:

Initial distribution: X(0) ~ N (x(0); 115, 2¢)
Prior / dynamics model: X(t+h) | x(t) ~ N (x(t+h); A(h)x(8),Q(h))
ODE likelihood: z(6) | x(t) ~ 6 (z(t); Exx(f) — f(Eox(t), 1)), Z=0
Conservation law likelihood: Z () | z(t)~ 6 (7 (1;); 9(Eox(t), E1x(1))) , z; =
Initial value likelihood: 2| X(0) ~ & (zm Eox(0 ) Z" Ay,

@nathanaelbosch m



Extending ODE filters to other related differential equation p

ODE filters cz ve much more than the ODEs tf ar [Bost
Numerical problems setting: Initial value problem with second-order ODE and conserved quantities

y) =@, y),0, y0)=yo, ¥(0)=yo. gy(t),y()=0.
This leads to the probabilistic state estimation problem:

Initial distribution: x(0) ~ N (x(0); Mo . 50)
Prior / dynamics model:  x(t+h) | x(t) ~ N (x(t+ h); A(h)x(t),Q(h))
ODE likelihood: Z(t) | x(t) ~ 6 (2(4); ng( 1) — f(Evx(t), Eox(t), 1)), Z=0
Conservation law likelihood: Z2(t) | z(t)~ 0 (2 (t); g(Eox(1), E1x(1))) , 2
Initial value likelihood: 2" x(0) ~ 6 (z‘”‘t Eox(0 ) 2" Ly,

Initial derivative likelihood:

@nathanaelbosch m



ODE filters can solve much more than the ODEs t

[Boscheta

Extending ODE filters to other related differential equation problems SR

amer and Henni

Numerical problems
yt
This leads to the pro

Initial dist

Prior / dynamics
ODE lik
Conservation law lik

Initial value lik

Initial derivative lik

@nathanaelbosch

Conventional

Conserved energy

First-order ODE

Second-order ODE

served quantities

- 0.

x(t) — f(Evx(t), Eox(ty),

i)
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Numerical problems setting: Initial value problem with

y(0) = Yo.
This leads to the probabilistic state estimation problem:
Initial distribution: X(0) ~ N (x(0); 1, 2q)
Prior / dynamics model: ~ x(t+ h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: zZ(t) | x(t) ~ 6 (2(t); Exx(t) — f(Eox(t), 1)) , 7 &
Initial value likelihood: 2" x(0) ~ (z”“‘ Eox(0 ) AL
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Numerical problems setting: Initial value problem with

y(0) = Yo.
This leads to the probabilistic state estimation problem:
Initial distribution: X(0) ~ N (x(0); 1, 2q)
Prior / dynamics model:  x(t+h) | x(t) ~ (x(t+ h); A(h)x(t),Q(h))
likelihood: zZ(t) | x(t) ~ 6 (2(4); ), 7 =
Initial value likelihood: 2" | x(0) ~ (z'”" ) 2" Ay
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y(t) =), 0), Ly(0) =yo, Ry(T) =yr.

This leads to the probabilistic state estimation problem:

Initial distribution: X(0) ~ N (x(0); 1, 2q)
Prior / dynamics model: ~ x(t+ h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: z(t) | x(t) ~ 6 (z2(t);) . 7 =
Initial value likelihood: 2" x(0) ~ (z”“‘ Eox(0 ) 2" 2y,
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Extending ODE filters to other related differential equation p

ODE filters ca ve much more than the ODEs tf ar [Bosch e

Numerical problems setting: Boundary value problem (BVP) with first-order ODE

y(t) = ®),0), Ly(0) =yo, Ry(T) =yr.

This leads to the probabilistic state estimation problem:

Initial distribution: X(0) ~ N (x(0); 1y, 2¢)
Prior / dynamics model:  x(t 4+ h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: z(t) | x(t) ~ 0 (z(t); ), Zi20
Initial value likelihood: 2" x(0) ~ & (z‘”‘t LEOX(())) AL
Boundary value likelihood: 23 [ X(T)~ d (25 REpx(T)) Ay,
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[Boscheta

Numerical problems setting: Boundary value problem (BVP) with first-order ODE

y(t) = ®),0), Ly(0) =yo, Ry(T) =yr.

This leads to the probabilistic state estimation problem:

Initial distribution: X(0) ~ N (x(0); 1y, 2¢)
Prior / dynamics model:  x(t 4+ h) | x(t) ~ N (x(t + h); A(h)x(t), Q(h))
ODE likelihood: z(t) | x(t) ~ 6 (z(t);) z20
Initial value likelihood: 2" | x(0) ~ & (zm LEgx(0 )) 27 Ay
Boundary value likelihood: zl | x(T)~ & (Zl RE()X(T)) lenlt 2y,

The measurement model provides a very flexible way to easily encode desired properties.
But it's all just Bayesian state estimation!

@nathanaelbosch m
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Probabilistic Numerics for ODE Parameter Inference

Using the ODE solution as a “physics-enhanced” prior for regression



“Forward” and “Inverse” Problems

1 formula to plot, or from plot to formula

Forward Problem solve

Vo = To(Vo, 1) Yo(to) = yo(0).

(@nathanaelbosch 13



“Forward” and “Inverse” Problems

1 formula to plot, or from plot to formula

Forward Problem solve 5
}79:f9(y9,f) }/9(T0):}/0(9) -
Inverse Problem s . ‘
. _ D . s . °
0 = arg énaxp (D10) find Lo I .
— z . s . .’

@nathanaelbosch




“Forward” and “Inverse” Problems

Going from formula to plot, or from plot to formula

Forward Problem

Vo = To(Vo, 1) Yo(to) = yo(0).

Inverse Problem

0 = arg maxp (D | 0)
0

Problem: The marginal likelihood
p(D|0) =TIN (u(t);ye(t),Re) is intractable.
(because the true ODE solution is intractable!)

@nathanaelbosch
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find
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1. Classical Numerical Integration
» (i) Solve the IVP to compute (1)
» (i) Approximate the marginal likelihood as M(6) = I, N (u(ta); o (tn), Re)
» (iii) Optimize to get f = arg max M(0)

(@nathanaelbosch 14



2. Gradient Matching
» (i) Fitacurve j(t) to the data {u(t))}
» (i) Estimate 6 by minimizing y(t) — fa (7(t))
Exists in both classic (splines) or probabilistic versions (GPs)

(@nathanaelbosch "



3. Probabilistic Numerical Integration
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Context: Between classic integration and gradient matching

oth: Integrating first, then GP regression

3. Probabilistic Numerical Integration
>

Mo (0, ) = /HN(U(Tn);V(Tn)vRa) yen () | 6, ) dy(tin) ()

PN ODE Solution

Likelihood

@nathanaelbosch 14



3. Probabilistic Numerical Integration
>

Mo (0, ) = /HN(U(Tn);V(Tn)vRa) yen () | 6, ) dy(tin) ()

PN ODE Solution

Likelihood
» (i) Probabilistically solve IVP to compute ~en(y(1) | 6, )
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Context: Between classic integration and gradient matching

ing both: Integrating first, then GP regression

3. Probabilistic Numerical Integration
>

Mo (0, ) = /HN(U(Tn);V(Tn)vRa) yen () | 6, ) dy(tin) ()

PN ODE Solution

Likelihood

(i) Probabilistically solve IVP to compute ~ven (y(1) | 0, k)

>
» (i) Perform Kalman filtering on the data, with vpy as a “physics-enhanced” prior
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Context: Between classic integration and gradient matching

oth: Integrating first, then GP regression

3. Probabilistic Numerical Integration
>

Mo (0, ) = /HN(U(Tn);V(Tn%Re)'WPN ((tin) | 0, k) dy(tin) ()

PN ODE Solution

Likelihood

» (i) Probabilistically solve IVP to compute ven (y(t) | 0, )
» (i) Perform Kalman filtering on the data, with vpy as a “physics-enhanced” prior
» (i) Optimize the approximate marginal likelihood

@nathanaelbosch 14



Example: Probabilistic Numerical Integration

Optimizing ODE parameters and prior hyperpar s jointly

@nathanaelbosch Figure: i=1 15



Example: Probabilistic Numerical Integration

Optimizing ODE parameters and prior hyperpar s jointly
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Example: Probabilistic Numerical Integration

Optimizing ODE parameters and prior hyperpar s jointly

0.0 0.5 1.0
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Example: Probabilistic Numerical Integration

Optimizing ODE parameters and prior hyperpar s jointly

0.0 0.5 1.0
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Example: Probabilistic Numerical Integration

Optimizing ODE parameters and prior hyperpar s jointly

0.0 0.5 1.0
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Example: Probabilistic Numerical Integration

Optimizing ODE parameters and prior hyperpar s jointly

0.0 0.5 1.0
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UNIVERSITAT
TUBINGEN
Summary

» ODE solving is state estimation
= treat initial value problems as state estimation problems

» ‘ODE filters": How to solve ODEs with Bayesian filtering and smoothing
» Flexible information operators to solve more than just standard ODEs
» Parameter inference: Being uncertain about the ODE solution allows you to update on data

Software packages B https://github.com/nathanaelbosch/ProbNumDiffEq. j1
ladd ProbNumDiffEq

@ https://github.com/probabilistic-numerics/probnum
pip install probnum

ﬁ https://github.com/pnkraemer/probdiffeq
pip install probdiffeq
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